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THESIS ABSTRACT
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Title: Joint Inversion of Gravity and Ground Penetrating Radar Data to
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Geophysics improves our understanding of subsurface geological features,
such as cavities, that are important to characterize in many hydrogeological,
environmental, and engineering studies. They are formed either naturally by
the dissolution of limestones, dolomites, and evaporites or by human action,
such as the construction of tunnels and tombs. Cavities can be filled with air,
water, sediments, or a combination.
Gravity and ground penetrating radar (GPR) methods have already
shown their ability to detect the location and size of subsurface cavities. The
objective of this study is to present a new approach to determine the porosity and
water saturation of cavity-filling materials using a quantitative joint inversion
approach on GPR and gravity data sets.
The approach uses appropriate rock-physics models of GPR and gravity
data above a subsurface cavity and inverts the porosity and water saturation in-
xiii
side the cavity by solving the two model equations simultaneously for these two
variables. I test the proposed approach using synthetic GPR and gravity data
sets corresponding to various cavity models. The results show that the method
is accurate in retrieving the correct porosity and water saturation values within
2.5% error.
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Chapter 1
INTRODUCTION
1.1 Overview
Geophysics improves our understanding of subsurface geological features.
During the middle of the 20th century, GPR and gravity methods were rapidly
developed to investigate subsurface problems (Reynolds, 1997). However, the
last three decades have featured the most important achievements in applica-
tion of both GPR and gravity methods in several fields, such as archaeology,
engineering and environmental science. The use of GPR has increased in de-
tecting and identifying many subsurface features, such as mineshafts, pipelines,
ore lodes, cavities, groundwater, and buried rock valleys (Chamberlain et al.,
2000).
1
Subsurface cavities are hazardous due to their susceptibility to ground
surface subsidence, which can cause great losses to the population that occu-
pies the land above them (Benson, 1995). Cavities are formed either naturally
through the dissolution of limestones, dolomites, and evaporites or by human
action, such as the construction of tunnels and tombs (Chalikakis et al., 2011).
Cavities may be filled with air, water, sediments, or a combination.
There are many geophysical techniques that are appropriate for detecting
and/or defining cavities features in the subsurface. For instance, microgravity
(Butler, 1984; Bishop, 1997; Styles et al., 2005 and Pa´nisova´ et al., 2009), ground
penetrating radar (Momayez et al., 1996; Chamberlain et al., 2000; Pipanet et
al., 2002), electrical resistivity tomography (Gambetta et al., 2011; Putiska et
al., 2012 and Metwaly et al., 2013), seismic refraction and reflection (Pernod et
al., 1989 and Fiore et al., 2011) and transient electromagnetic methods (TEM)
(Xue et al., 2004). The strength of the GPR and gravity methods to detect
subsurface cavities is mainly due to their ability and relative ease of detecting
the contrast in physical properties between the surrounding soil or rock and the
materials that fill these cavities.
The GPR and gravity methods are nondestructive geophysical tech-
niques that measure differences in the physical properties of the subsurface ma-
terials, such as the dielectric permittivity for GPR and the density contrast for
gravity. The success of the GPR and gravity methods depends on the different
subsurface materials having different dielectric permittivities and bulk densities,
which produce variations in the measured electromagnetic wave velocity (due to
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variations in matrix composition and water content) and gravity field.
The joint inversion of geophysical data is becoming a more reliable ap-
proach to minimize uncertainty in the inversion of geophysical data between
the observed data and the assumed model. The geophysical data, for example,
GPR and microgravity, which are sensitive to the same physical quantity, can
be simultaneously inverted by optimizing objective functions that include the
same physical parameters, such as porosity and water saturation. the proposed
methodology, in this study, is a joint inversion of GPR and gravity data to
determine the water saturation and porosity of the cavity-filling material.
1.2 Literature Review
The literature records many studies describing qualitative investigations
of cavities via utilizing several geophysical tools. Colley (1963) presented and
discussed a few typical negative gravity anomalies related to shallow cavities
in large caverns in Iraq. Butler (1984a) showed that the main components of
subsurface cavity complex systems could be detected with microgravity mea-
surements. He developed the initial physical geological models by computing
the second and third derivatives of the gravity potential. In addition, Butler
(1984b) used microgravimetric and gravity gradient techniques and concludes
that these procedures are effective tools to the delineation and detection of shal-
low subsurface tunnels and cavities.
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Chamberlain et al. (2000) presented promising results from using GPR
for detecting cavities in limestone in an area of archaeologically important karst
topography. While, Beres et al. (2001) combined GPR and microgravimetric
methods as tools for detecting and characterizing shallow subsurface karstic
features in terms of shape, size and depth. Al-Shuhail et al., (2004) used GPR
to delineate near-surface fractures within Dammam Dome and they concluded
that GPR techniques can be used successfully to map near-surface open and
filled fractures.
Ghose and Slob (2006) proposed a new idea in using GPR and seis-
mic data quantitatively for estimating water saturation and porosity in subsoil
using a shared earth model and they tested this approach through numerical
simulations. Pa´nisova´ (2009) showed that local density variations caused by
a near surface void resulted in negative anomalies detectable using micrograv-
ity techniques. Gembetta et al. (2011) suggested that using vertical gradient
microgravity and electrical resistivity tomography, one can give high-resolution
images of underground voids.
Fiore et al. (2011) reported that the shallow cavities in tuff layer char-
acterized by a high acoustic impedance contrast can be easily detected with a
high resolution P-wave seismic reflection technique. Hajian et al. (2012) ap-
plied a new approach for modeling subsurface cavities characterized by typical
geometries such as sphere, vertical and horizontal cylinder by using a linear
neuro-fuzzy microgravity technique. Metwaly and AlFouzan (2013) described a
2D electrical resistivity survey in a newly urbanized area in Alhassa of Saudi
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Arabia and they found that the method is useful to delineate different cavities.
1.3 Motivation
The presence of cavities features in the subsurface rock and their poten-
tial collapse pose an acute geohazard and constitute a risk to developed land.
The delineation of subsurface cavities and the determination of porosity and
water saturation parameters of cavity filling materials are important in many
geotechnical applications. Drilling is a common method of site investigation in
an attempt to detect and characterize physical parameters of subsurface cavities
such as porosity and water saturation but it is expensive. In order to overcome
this issue, non-invasive and cost-effective geophysical methods can be used for
cavity detection. Due to the importance of estimating porosity and water satu-
ration to civil engineers in designing better structures, a joint inversion approach
of GPR and gravity data is proposed for calculating these two parameters.
1.4 Problem Statement
To date there have not been attempts at GPR and gravity petrophysical
joint inversion cited to estimate porosity and water saturation of cavity filling
materials. However, most previous GPR and gravity studies have been applied
as integration on subsurface cavity detection using qualitative approach. In
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this thesis, the objective is to develop a new petrophysical joint inversion using
GPR and gravity data sets. It is intended to be applied to estimate important
petrophysical parameters of the material inside cavities which are porosity and
water saturation. Therefore, the aim of this work is to develop, test and apply
a GPR and gravity joint inversion approach. Joint inversions gather data sets
from complementary GPR and gravity techniques measured in the same area
over the same subsurface cavities. Furthermore, this data is simultaneously
inverted with respect to porosity and water saturation.
1.5 Thesis Objectives
The aim of this work is to provide an efficient approach that combines
gravity and GPR data sets to determine porosity and water saturation of sub-
surface cavities filling materials. The developed methodology is considered a
quantitative approach by using a joint inversion technique. Then, this new
approach is tested using synthetic GPR and gravity data sets.
1.6 Thesis Outline
A general outline of the thesis chapters is organized as follows. Chapter
1 presents a general introduction and literature review of cavity investigations
using geophysical tools. In chapter 2, the general principles of gravity and
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GPR methods are described. Furthermore, a new procedure for calculating
porosity and water saturation of cavity-filling materials using a joint inversion
approach is derived. This derivation consists of two steps: the equations for the
GPR and gravity methods are formulated for selected models and the resulting
equations are solved simultaneously by close form solution to obtain the equation
of porosity and water saturation. The developed methodology is tested using
synthetic gravity and GPR data sets for five models. The generation of synthetic
data for all models is presented in chapter 3. This is followed in chapter 4
by testing this new approach to estimate the porosity and water saturation of
these synthetic data and discussion of all the results. Furthermore, a sensitivity
analysis is presented at the end of chapter 4. Finally, conclusions and some
recommendations are provided in chapter 5.
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Chapter 2
METHODS AND
PROCEDURES
2.1 Overview
The detection of cavities is possible using geophysical methods because
the presence of a cavity changes the physical properties of the subsurface rocks
and causes a physical contrast between the cavity materials and the surrounding
environment. This chapter provides the general concepts and basic principles
of gravity and GPR methods. In addition, the joint inversion methodology to
achieving the thesis objectives are addressed.
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2.2 Gravity Method
The gravity method measures the lateral variation in the vertical com-
ponent of the gravitational field at the Earths surface. This variation is due to
the subsurface density distribution. Moreover, this technique is appropriate to
the investigation of subsurface geological features, such as tracing of geological
boundaries and mapping of sedimentary basins. Cavities can be filled with air,
water, sediments or a combination. Therefore, cavities usually have a lower
density than the surrounding rocks. and produces a very small negative gravity
anomaly.
Over the last ten years, microgravity surveying has developed consider-
ably in several aspects. These improvements include the development of high-
resolution instruments such as the Burris Gravity Meter (Mochales et al., 2008)
with a precision of 1µGal (1µGal = 10−6cm/s2), improved designs for field
acquisitions, high-quality data correction methods and improved analysis pro-
cedures. As a result, it is possible to delineate and interpret anomalies as small
as 10 µGal and this method also provides useful information about the depth,
shape and geometry of cavities . In addition, there are laser levels with preci-
sions greater than 1 mm such as the LEICA Sprinter, which the topographic
elevation can be accurately measured (Mochales et al., 2008).
In general, Newtons Law of gravitation is the basic law that addresses gravity
measurements:
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Fg = G
M1M2
R2
(2.1)
where Fg is the gravitational force due to the two masses M1 and M2, G is the
universal gravitational constant (6.672 x 10−11N.m2/kg2), M1 and M2 are the
two masses and R is the distance between them.
From equation 2.1, the gravitational acceleration (g) due to a body of mass M
is:
g =
GM
R2
(2.2)
Gravitational acceleration, g, is measured in Gal (after Galileo), where
1 Gal = 0.01 m/s2. However, most targets of interest usually produce much
smaller anomalies, especially in engineering and environmental studies. Conse-
quently, these studies require surveys with µGal resolution (1µGal = 0.001mGals).
In this case, the term ”Microgravity survey” is used instead of ”Gravity Survey”,
which is generally used for regional gravity surveys. For more information on
the basics of the gravity method, see Nettleton (1976) and Telford et al. (1990).
Cavities can be modeled as spherical bodies. The basic equation for
the effect on gravity of a spherical body is given in equation 2.3 (Nettleton,
1940). These parameters are depicted in Figure 2.1, where (R) is the radius of
the sphere, (z) is the depth to the sphere’s center, (∆ρ) is the density contrast
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between spherical body and surrounding materials, (ρb) is the density of the
body and (ρs ) is the density of the surrounding rock:
Figure 2.1: Schematic diagram showing a spherical body and the parameters
that affects its gravity anomaly.
gz =
AGz
(x2 + z2)3/2
(2.3)
where A = 4
3
piR3∆ρ
The maximum gravity anomaly lies directly over the center of cavity where x = 0
and the equation 2.3 reduces to the following form:
gmax =
AG
z2
(2.4)
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In the rock-physics model, the porosity-density relationship describes the
bulk density of sedimentary rocks. Moreover, the phases used to describe sedi-
mentary rocks are the rock grains and the pore voids, which may be filled with
water and/or air(Figure 2.2).
Figure 2.2: Schematic representation of a partially-saturated sedimentary rock
with grains, air and water (Russell et al., 2003).
.
The bulk density can be described as the sum of any number of com-
ponents, weighted by their fractional volumes. One such variation is to allow
fractional degrees of saturation, as shown in Figure 2.2, and the porosity-density
relationship (volume average equation) is given as
ρb = ρg(1− φ) + ρfφ, (2.5)
where
ρf = Swρw + (1− Sw)ρa, (2.6)
giving:
ρb = ρg(1− φ) + Swρwφ+ φ(1− Sw)ρa (2.7)
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2.3 Ground Penetrating Radar
Ground Penetrating Radar (GPR) is a non-destructive method that gen-
erates EM pulses to record and locate the depth of buried objects or subsurface
features that cannot be seen visually (Do, 2003). In the last three decades, the
GPR technique has become an effective method for detecting shallow buried
targets (Luo et al., 2005).
GPR method is based upon the propagation and reflection characteristics
of an EM wave through a material. An EM wave is reflected off the targets due
to a change in the EM properties of subsurface objects, such as the dielectric
permittivity (), the magnetic permeability (µ) and electrical conductivity (σ)
(Daniels, 2004; Scheele, 2011).
An interface is an abrupt change in the electrical or magnetic material
properties. Reflection and refraction result when a propagating EM wave en-
counters an interface that extends over large distances, compared to the wave-
length and the reflected part of the wave is recorded in terms of its two-way
travel time and amplitude for analysis and interpretation stages according to
the objectives (Dojack, 2012). The velocity of electromagnetic waves in subsur-
face materials is given as:
v =
c√
bµr
1+
√
1+( σ
ωb
)2
2
(2.8)
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where ω = 2pif is the angular frequency, c is the EM wave velocity in vacuum (0.3
m/ns), b denotes the dimensionless bulk relative dielectric permittivity, µr is
the dimensionless relative magnetic permeability, σ is the electrical conductivity
of the medium in units of (Siemens/m), and σ/ωb is the loss factor. However,
in materials with no conductivity (σ = 0) and no magnetic properties (µr = 1),
equation 2.8 becomes (Davis and Annan, 1989):
v =
c√
b
(2.9)
Resolution is defined as the ability to distinguish two closely spaced re-
flections. It is mainly controlled by the EM wavelength. However, it can also be
affected by other factors such as polarization of the EM energy, the reflection
coefficient, geometrical aspects of the target, and noise. In addition, the rate
of spatial change in properties between the target and the host medium plays
an important role in determining resolution. Generally, resolution increases as
the change becomes sharper and decreases as the change becomes gradational
(Olhoeft, 2000). Furthermore, there is a trade-off between resolution and pen-
etration depth. Resolution increases with frequency, while penetration depth
decreases with frequency (Conyers, 2004; Grealy, 2006). For more information
on the principles of GPR, see Davis and Annan (1989).
The electrical properties of porous rocks are sensitive to the volume frac-
tions of the solid and fluid phases. Additionally, the most important factors
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in determining the dielectric constant of near-surface materials are the porosity
and water saturation. The complex refractive index model (CRIM) is a widely
used formula for expressing the bulk dielectric permittivity of a material as a
function of its porosity and water saturation. The formula is based on a vol-
umetric averaging of the dielectric constants of the constituents of composite
materials (Tsui and Matthews, 1997):
√
b = φ(1− Sw)√a + (1− φ)√g + φSw√w (2.10)
2.4 Joint Inversion Methodology
The new joint inversion approach combines gravity and GPR data in a
petrophysical approach using appropriate rock-physics models of the porosity-
density relationship and the CRIM.
2.4.1 The basic idea
A gravity and GPR joint inversion requires a link between the two tech-
niques. Therefore, porosity and water saturation were established as the crucial
link between dielectric permittivity and density through the porosity-density re-
lationship (Eq. 2.7) and CRIM (Eq. 2.10). Thus, these petrophysical properties
provide a useful link in the joint inversion approach to determine the porosity
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and water saturation from GPR and gravity data sets.
The joint inversion technique, in which multiple geophysical data sets
are analyzed and inverted simultaneously, represents an expanding field in geo-
physics. As a result, uncertainty in interpretations will be reduced. In this
thesis, a new joint inversion approach for gravity and GPR data sets has been
developed.
The gravity and GPR methods were selected for this thesis because they
are popular techniques in cavity investigations and in near-surface geophysics
applications. In addition, the theory of these techniques is relatively simple,
which helps us to develop a new joint inversion approach to determine porosity
and water saturation from other geophysical methods.
2.4.2 Methodology
The main aim of this thesis is to develop and test a joint inversion of
gravity and GPR data sets to determine the porosity and water saturation of
cavity-filling materials. In this case, the data sets from two complementary geo-
physical methods, measured over the same subsurface cavity, are simultaneously
inverted to calculate the values of porosity and water saturation of the materials
within the cavity.
To achieve the objectives presented in chapter 1, the following approach
is adopted. In the initial steps of this new approach, the basic model (Fig. 2.3)
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features a cavity that is spherical in shape and filled with sediments, air, water
or a combination of two or more phases.
Figure 2.3: Illustration of parameters used in GPR equations.
Now, according to basic model (Fig. 2.3), one can obtain the relationships
that are important to formulate the general equations, which will be solved later
with respect to porosity and water saturation.
Hs1 = z −R (2.11)
Hs2 = Hs − (z +R) (2.12)
Hb = 2R (2.13)
R = z −Hs1 (2.14)
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T0 =
2Hs
Vs
(2.15)
Hs =
ToVs
2
(2.16)
Vb =
0.3√
b
(2.17)
Tc = Ts1 + Tb + Ts2 (2.18)
Then
Tc =
2Hs1
Vs
+
2Hb
Vb
+
2Hs2
Vs
(2.19)
In this approach, the GPR travel times are used directly, without the
need to create a velocity tomogram. This is one of the benefits of this approach.
Subsequently, it is easy to invert equation 2.19 with respect to Vb and obtain
the following equation:
Vb =
4RVs
VsTc − 2Hs + 4R (2.20)
Substituting equation 2.20 into equation 2.9, I obtain the following general equa-
tion of dielectric permittivity of cavity-filling materials, where x1/2 is the half-
width of the anomaly curve at half of the maximum gravity anomaly value (Fig.
2.4):
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√
b =
0.3[VsTc − 2Hs + 4(1.305x 1
2
−Hs1)]
4Vs(1.305x 1
2
−Hs1) (2.21)
Finally, by substituting equation 2.21 into equation 2.10, the general equation
deduced from the GPR data for a spherical cavity can be written as:
0.3[VsTc − 2Hs + 4(1.305x 1
2
−Hs1)]
4Vs(1.305x 1
2
−Hs1) = φ(1− Sw)
√
a + (1− φ)√g + φSw√w
(2.22)
In the same manner, the effects of cavity-filling materials on gravity are
expressed in a general equation that can be derived from a gravity profile, as
illustrated in Figure 2.4.
Now, the relationships below can be written based on a spherical cavity
model (Fig. 2.4). The bulk density of the cavity materials is expressed as:
ρb = ρs + ∆ρ (2.23)
As mentioned earlier, the maximum gravity anomaly lies directly over the center
of the spherical cavity, where x = 0, (equation 2.4).
To identify the bulk density of the cavity material, equation 2.4 is rewritten with
respect to ∆ρ as follows:
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Figure 2.4: (upper) gravity anomaly curve over cavity, (lower) spherical cavity
model within a limestone bed.
∆ρ =
3Z2gmax
4piGR3
(2.24)
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Substituting equation 2.24 into equation 2.23, the following general equation of
the bulk density of cavity materials is obtained:
ρb =
3Z2gmax
4piGR3
+ ρs (2.25)
From the rule of the half-width method (Nettleton, 1942), the depth
to the center of the spherical cavity can be estimated by using this empirical
formula: z = 1.305 x x1/2, where x1/2 is the width of the anomaly curve at half
of the maximum gravity anomaly (Fig. 2.4). Moreover, the radius of the cavity
can be estimate from GPR data, discussed previously as R = z −Hs1. Hence,
equation 2.25 becomes the following:
ρb =
3(1.305x 1
2
)2gmax
4piG(1.305x 1
2
−Hs1)3 + ρs (2.26)
Finally, by substituting the value of ρb from equation 2.26 into the density-
porosity relationship (Eq. 2.7), the general equation deduced from the gravity
data can be written as:
1.27(x 1
2
)2gmax
piG(1.305x 1
2
−Hs1)3 + ρs = ρg(1− φ) + Swρwφ+ φ(1− Sw)ρa (2.27)
According to assumptions at the beginning of the methodology section
and the information deduced from both of the gravity anomaly curve and the
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radargram data, all the parameters in equations 2.22 and 2.27 are known except
Sw and φ.
As an illustration, the depth to the center of cavity z and x1/2 can be
obtained from the gravity curve, while the H, Hs1 and Hs2 can be calculated from
travel time picking on the radargram. Moreover, there are many constants, such
ρg, ρw, ρa, g, w, a and G, that are tabulated in most geophysical references
(e.g., Telford et al., 1997)
Because all other parameters in equations 2.22 and 2.27 are known, these
two equations can be solved simultaneously for φ and Sw, to give the following
solutions:
φ =
CM − AD
CN −BD (2.28)
Sw =
−BM + AN
CM − AD (2.29)
where
A =
1.27(x 1
2
)2gmax
piG(1.305x 1
2
−Hs1)3 + ρs − ρg ,
B = ρa − ρg ,
22
C = ρw − ρa ,
D =
√
w −√a ,
M =
0.3(vsTc−2Hs+4(1.305x 1
2
−Hs1))
4vs(1.305x 1
2
−Hs1) −
√
g and
N =
√
a −√g
Next, the new joint inversion methodology approach is applied to es-
timate the porosity and water saturation of cavity materials using synthetic
gravity and GPR data sets.
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Chapter 3
SYNTHETIC GPR AND
GRAVITY DATA SETS
3.1 Overview
This chapter aims to generate synthetic GPR and gravity data for a
cavity model with the following five types of cavity-filling materials:
• Model 1: Cavity filled with pure air.
• Model 2: Cavity filled with pure water.
• Model 3: Cavity filled with dry sand.
• Model 4: Cavity filled with partially saturated sand.
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• Model 5: Cavity filled with fully saturated sand.
These synthetic data are used to validate this new approach for estimating the
porosity and water saturation of cavity materials.
The procedure followed to generate GPR and gravity synthetic data
through forward modelling is illustrated in Figure 3.1. For a given subsurface
model that reflects the distribution of target parameters (porosity and water
saturation), this model can be converted to subsurface dielectric model using
a suitable rock physics model (CRIM). Then, the GPR synthetic data is pro-
duced using a forward modeling split-step algorithm. On the other hand, in the
case of gravity, the subsurface properties distribution is converted to subsur-
face densities model through porosity-density relationship. Then, the predicted
gravity anomaly curve is calculated through analytical expression of sphere and
horizontal slab as depicted in Figure 3.1.
3.2 GPR Synthetic Data
In this section, GPR simulations have been computed using a two-
dimensional split-step algorithm (Bitri and Grandjean, 1998). This method is a
full-waveform method that requires the solution of Maxwell’s equations in the
frequency domain, and it is implemented via MATGPR (Tzanis, 2010), which
is an EM wave simulator for GPR modeling based on the split-step numerical
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Figure 3.1: Schematic illustration of the forward modeling procedure to generate
GPR and gravity data.
method. The basic model shown in Figure 3.2 has horizontal and vertical di-
mensions of 20 m and 10 m, respectively, and a grid spacing of 1 m in both
directions. Additionally, there is a horizontal interface at 5 m, which separates
the upper limestone layer and the lower shale bedrock. There is also a spherical
cavity in the upper layer with a radius of 1 m, and its center is located at a depth
of 3 m and a horizontal distance of 10 m. For each model, the sediment grains
dielectric permittivity was assigned a value of g = 4.5 (assuming pure quartz
sand grains), the water permittivity was w = 80 and a = 1 for air dielectric
permittivity, the center frequency of the EM wave used in all GPR simulations
is 250 MHz.
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Input parameters
εg = 4.5, εw = 80, εa = 1, f = 250MHzModels
ρg = 2650(kg/m
3), ρw = 1000(kg/m
3), ρa = 1(kg/m
3)
ρb(kg/m
3) V(m/ns) φ Sw εb
Cavity filled 1 0.2998 1 0 1
with pure air
Cavity filled 1000 0.033518 1 1 80
with pure water
Cavity filled 1855.3 0.168 0.3 0 3.18596
with dry sand
Cavity filled with 2005.15 0.1007 0.3 0.5 8.8599
partially saturated sand
Cavity filled with 2155 0.071924 0.3 1 17.374
fully saturated sand
Limestone background 2550 0.12 6.25
Shale bed rock 2420 0.09 11.111
Table 3.1: Synthetic models of cavity materials and background parameters used
in the generation of GPR and gravity data. Density values are from Telford et
al. (1990) and dielectric values are from Annan et al. (1992).
Figure 3.2: Illustration of basic model elements used in the generation of syn-
thetic GPR and gravity data.
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3.2.1 Model 1: Cavity filled with pure air
In this model, according to the CRIM, the dielectric permittivity of the
cavity material is b = 1 and it has a high resistivity, producing an EM wave
velocity through the cavity materials of 0.2998 m/ns. The limestone background
has a dielectric permittivity of 6.25.
The synthetic radargram of this model is shown in Figure 3.3. The two
synthetic layers and the positions of the top and bottom of the cavity are clearly
shown. However, the variation between the different dielectric permittivities of
each layer changes the two-way travel times, and it is controlled by the EM wave
velocity through the various materials. In general, there is a horizontal event at
83.34 ns, which represents the horizontal interface between the limestone and
shale layer at 5 m depth. In addition, there are two hyperbolas, which represent
the top and bottom of the cavity. The most important event is the travel time
to the interface directly beneath the cavity, which appears as a hyperbola at
63.56 ns. Figure 3.4 shows an extracted trace (No. 10) from Figure 3.3 that
passes through the cavity and clearly shows the events described above.
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Figure 3.3: Synthetic radargram obtained from 250 MHz antenna for cavity
filled with pure air.
Figure 3.4: Trace extracted from synthetic GPR data shown in figure 3.3 at
x = 10 through cavity.
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3.2.2 Model 2: Cavity filled with pure water
In this model, the dielectric permittivity b = 80, and the EM wave
velocity through the cavity materials is equal to 0.033518 m/ns.
In Figure 3.5, the synthetic radargram of this model is shown. The
position of the top and the bottom of the cave in this figure is correctly detected.
The travel time at the interface directly beneath the cavity is 170.7 ns. In this
case, the reflection is weak due to the presence of water in the cavity, which
attenuates the EM waves and decreases the velocity of the EM waves.
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Figure 3.5: Synthetic radargram obtained from 250 MHz antenna for cavity
filled with pure water.
Figure 3.6: Trace extracted from synthetic GPR data shown in figure 3.5 at
x = 10 through cavity.
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3.2.3 Model 3: Cavity filled with dry sand
In this model, the cavity is filled with dry sand, and I assume the porosity
is equal to 0.3 and the water saturation is equal to zero. The cavity has a
dielectric permittivity of b = 3.18596, according to CRIM, and the EM wave
velocity through the cavity materials is equal to 0.168 m/ns.
The synthetic radargram of this model is demonstrated in Figure 3.7.
This figure shows that there are three important hyperbolic events, two of them
represent the top and bottom of the cavity and the third is reflected from inter-
face directly beneath the cavity at 74.22 ns.
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Figure 3.7: Synthetic radargram obtained from 250 MHz antenna for cavity
filled with dry sand.
Figure 3.8: Trace extracted from synthetic GPR data shown in figure 3.7 at
x = 10 through cavity.
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3.2.4 Model 4: Cavity filled with partially saturated sand
In this model, the cavity is filled with partially saturated sand, which
has a dielectric permittivity of b = 8.8599 because the assumed porosity and
water saturation were 0.3 and 0.5, respectively. The EM wave velocity through
the cavity materials is equal to 0.1007 m/ns.
The synthetic radargram of this model is displayed in Figure 3.9. The
radargram shows that all synthetic interfaces appear clearly, including the cavity
edges and the interface. The total travel time from the surface to the interface
directly beneath the cavity is 89.33 ns.
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Figure 3.9: Synthetic radargram obtained from 250 MHz antenna for cavity
filled with partially saturated sand.
Figure 3.10: Trace extracted from synthetic GPR data shown in figure 3.9 at
x = 10 through cavity.
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3.2.5 Model 5: Cavity filled with fully saturated sand
In this model, the cavity is filled with fully saturated sand. In this case,
the porosity is equal to 0.3, and the water saturation is 1.0. Therefore, it has
a dielectric permittivity of b = 17.374, and the EM wave velocity through the
cavity materials is equal to 0.071924 m/ns.
The synthetic radargram of this model is shown in Figure 3.11. The
reflections are strong and show the top and bottom boundaries of the cavity, as
well as the reflection event from the interface directly beneath cavity at 104.4
ns.
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Figure 3.11: Synthetic radargram obtained from 250 MHz antenna for cavity
filled with fully saturated sand.
Figure 3.12: Trace extracted from synthetic GPR data shown in figure 3.11 at
x = 10 through cavity.
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3.3 Gravity Synthetic Data
The gravity synthetic data were generated for the five models (see Figs.
3.13 to 3.17) via a combination of the analytical expressions for a 2D horizontal
slab, which represents a limestone background, and a spherical anomalous body,
which represents the target cavity body. However, the Matlab function has
been written to calculate the Bouguer gravity anomaly for those models. In
this section, the basic model shown in Figure 3.2 has horizontal and vertical
dimensions of 20 m and 10 m, respectively. There is a horizontal interface at
5 m, which separates the upper limestone layer and the lower shale bedrock.
In addition, there is a spherical cavity in the middle of the upper layer with
a radius of 1 m, and its center is located at 3 m depth. For each model, the
matrix density was assigned a value of ρg = 2650 kg/m
3, the water density was
ρw = 1000 kg/m
3 and ρa = 1 kg/m
3 for the air density. The data generated
from these models has already been corrected for Bouguer effects.
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3.3.1 Model 1: Cavity filled with pure air
The gravitational effect of the anomaly in this model can be computed
by considering the sum of two simple shapes, a horizontal sheet with a density of
2550 kg/m3 and a thickness of 5 m, which represents the limestone background,
and a spherical body with a density of 1 kg/m3 and a radius of 1 m.
The residual Bouguer anomaly curve of this model is depicted in Figure
3.13. It shows that the maximum gravity anomaly directly over the center of
the cavity is gmax = −0.0000792µGal.
Figure 3.13: Residual gravity anomaly curve over cavity filled with pure air.
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3.3.2 Model 2: Cavity filled with pure water
In this model, the cavity is filled with pure water with a density of 1000
kg/m3, and the surrounding environment has a density of 2550 kg/m3. Hence,
there is a density contrast between the cavity and the surrounding limestone,
causing a gravity anomaly of gmax = −0.00004814µGal, this is shown in Figure
3.14.
Figure 3.14: Residual gravity anomaly curve over cavity filled with pure water.
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3.3.3 Model 3: Cavity filled with dry sand
In this model, the cavity is filled with dry sand with a density of 1855.3
kg/m3. This density is calculated by using the porosity-density relationship (Eq.
2.7) with a porosity equal to 0.3, a water saturation equal to zero and the other
values held constant. These factors are tabulated in Table 3.1. The maximum
gravity anomaly due to this cavity material is equal to gmax = −0.0000216 µGal,
as shown in Figure 3.15.
Figure 3.15: Residual gravity anomaly curve over cavity filled with dry sand.
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3.3.4 Model 4: Cavity filled with partially saturated sand
In this model, the cavity is filled with partially saturated sand with a
density of 2005.15 kg/m3. This density is calculated by using porosity-density
relationship (Eq. 2.7) with a porosity equal to 0.3, a water saturation equal
to 0.5 and other values held constant. These factors are tabulated in Table
3.1. The maximum gravity anomaly due to this cavity material is equal to
gmax = −0.000017µGal, as shown in Figure 3.16.
Figure 3.16: Residual gravity anomaly curve over cavity filled with partially
saturated sand.
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3.3.5 Model 5: Cavity filled with fully saturated sand
In this case, the cavity is filled with fully saturated sand, and the density
of the cavity material is 2155 kg/m3 because the porosity and water saturation
were 0.3 and 1, respectively. Therefore, the maximum gravity anomaly value
directly above the cavity is gmax = −0.0000123 µGal, as shown in Figure 3.17.
Figure 3.17: Residual gravity anomaly curve over cavity filled with fully satu-
rated sand.
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Finally, the extracted information from the radargrams and the Bouguer
gravity anomaly curves for all synthetic models are summarized in table 3.2.
That information is important for the joint inversion approach to estimate the
porosity and water saturation in next chapter.
Models Gravity anomaly (MicroGal) X(1/2) (m) Tc (ns)
Cavity filled with -0.0000792 2.3 63.56
pure air
Cavity filled with -0.0000481 2.3077 170.7
pure water
Cavity filled with -0.0000216 2.3014 74.22
dry sand
Cavity filled with -0.000017 2.3 89.33
partially saturated sand
Cavity filled with -0.0000123 2.31 104.4
fully saturated sand
Table 3.2: Extracted information from radargrams and Bouguer anomaly curves
required for inversion.
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Chapter 4
RESULTS AND DISCUSSION
4.1 Overview
This chapter summarizes the research carried out and the major findings
of this thesis. In addition, a sensitivity analysis of the method is demonstrated.
4.2 Results
The total travel time (Tc) from the surface to the interface directly be-
neath the cavity is picked from radargram and the maximum gravity anomaly
(gmax) directly above the cavity is deduced from the residual Bouguer gravity
anomaly over the cavity. Both of these parameters are summarized in Table 4.1.
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These two important parameters are used in the inversion of porosity and water
saturation values using equations 2.28 and 2.29.
This approach was verified using the five different cases of cavity materials
listed in Chapter 3. The results are displayed in the last four columns of Table
4.1, which represent the porosity and water saturation values inverted from the
five cases using this new approach. It also shows the absolute percentage error
of these values from the true values assumed in the generation of synthetic data
by forward modeling.
In the first model, in which the cavity is filled with pure air, the assumed
values for porosity and water saturation were 1 and zero, respectively, in the
forward modeling. After I applied this approach through formulas 2.28 and
2.29, I obtained a porosity of 1.01587 and a water saturation value of 0.00206.
Therefore, the absolute percentage error in this case was 1.6% and 0.21% for
porosity and water saturation values, respectively.
In the second case, in which the cavity is filled with water, the values
of the porosity and water saturation used in the forward modeling were 1 and
1, respectively. Therefore, the inverting process using formulas 2.28 and 2.29
resulted in a porosity of 1.00657 and a water saturation of 1.00753. The corre-
sponding absolute percentage errors are 0.7% and 0.8% for porosity and water
saturation, respectively.
In model 3, in which the cavity is filled with dry sand, the true value
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of porosity was 0.3, and the water saturation was zero. Applying joint inver-
sion approach to estimate porosity and water saturation, I obtained values of
0.304795 for porosity and 0.011623 for water saturation. The corresponding ab-
solute percentage errors were 1.6% for porosity and 1.16% for water saturation.
In the same manner, the input parameters of porosity and water satura-
tion in the forward modeling of a cavity filled with partially saturated sand are
0.3 and 0.5, respectively. The output results using equations 2.28 & 2.29 are
0.30229 for porosity and 0.48801 for water saturation, giving absolute percentage
errors of 0.76% in porosity and 2.4% in water saturation.
Finally, for the case in which the cavity is filled with fully saturated sand,
the input porosity and water saturation values are 0.3 and 1, respectively. The
values from the joint inversion approach for this case are 0.29499 for porosity
and 0.97493 for water saturation. The corresponding absolute percentage errors
are 1.67% for porosity and 2.51% for water saturation.
All the results for porosity and water saturation from the different sce-
narios are acceptable and have high accuracy. For all cases, the error is always
less than 2.51%. Moreover, for water saturation and porosity the highest errors
are 2.51% and 1.67% and the lowest errors are 0.2% and 0.7%, respectively.
We observe that, in general, this new approach provides a reliable method
to estimate porosity and water saturation for cavity-filling materials. The method
commonly provides enough information to obtain a general view of the cavity’s
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contents, and this information could be used to characterize possible hazards
associated with this cavity. This method could help engineers to estimate and
calculate many geotechnical parameters that depend on these petrophysical pa-
rameters.
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Input parameters Output gravity data Output travel time Output parameters
from radargram
εg = 4.5, εw = 80, εa = 1 Picking from Picking from AbsoluteCavity models
ρg = 2650(kg/m
3) residual gravity curve synthetic GPR data percentage
ρw = 1000(kg/m
3), ρa = 1(kg/m
3) error (%)
ρb(kg/m
3) v(m/ns) φ Sw εb gz(µGal) x1/2(m) Ttop(ns) Tc(ns) φ Sw φ(%) Sw(%)
Cavity
filled with 1 0.2998 1 0 1 -0.0000792 2.3 34.22 63.56 1.01587 0.00206 1.6 0.21
pure air
Cavity
filled with 1000 0.033518 1 1 80 -0.0000481 2.3077 34.22 170.7 1.00657 1.00753 0.7 0.8
pure water
Cavity
filled with 1855.3 0.168 0.3 0 3.18596 -0.0000216 2.3014 34.22 74.22 0.304795 0.01162 1.6 1.16
dry sand
Cavity
filled with partially 2005.15 0.1007 0.3 0.5 8.8599 -0.000017 2.3 33.33 89.33 0.30229 0.48801 0.76 2.4
saturated sand
Cavity
filled with fully 2155 0.071924 0.3 1 17.374 -0.0000123 2.31 33.33 104.4 0.29499 0.97499 1.67 2.51
saturated sand
Limestone 2550 0.12 0.3 0 6.25
background
Shale bed rock 2420 0.09 11.111
Table 4.1: The density and dielectric permittivity values used in forward modelling, synthetic gravity and GPR
results and the values of porosity and water saturation calculated by joint inversion approach with errors.
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4.3 Sensitivity Analysis
The porosity-density relationship expresses the bulk density of the ma-
terials in terms of fluids and matrix densities, whereas the CRIM describes the
bulk permittivity of a composite material in terms of the dielectric permittivi-
ties of its constituent grains and fluids. In addition, the empirical constants in
the CRIM and porosity-density relationship might be unknown or difficult to
determine for a given survey area. Therefore, this section investigates the effects
of using incorrect petrophysical parameters (i.e., density and dielectric permit-
tivity of the grains or matrix) in the joint inversion approach. There is also
a discussion of how incorrect values distort the porosity and water saturation
values estimated by this new approach.
The main unknowns when using this new approach are the values of den-
sity and dielectric permittivity of the grains of the material within the cavity,
which are then used to estimate the porosity and water saturation of the mate-
rial. Therefore, to measure the sensitivity of this approach to incorrect density
and permittivity values, I conduct a sensitivity analysis.
The changes in the porosity and water saturation values due to using
incorrect matrix densities and dielectric permittivities were calculated for the
cavity filled with materials through joint inversion approach of GPR and gravity
data sets. Figures 4.1 and 4.2 show 3D plots of the absolute percentage errors
in porosity and water saturation estimations as functions of different values of
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matrix densities and dielectric permittivities.
The range of the matrix density is between 2100 kg/m3 and 3000 kg/m3,
which includes most shallow rocks, while the true value in the tested models was
2650 kg/m3. The range of the matrix dielectric permittivity varies from 2.5 to
10, which represents most sediments, while the true value for the tested models
was 4.5.
4.3.1 Effects of incorrect grain density and permittivity
on porosity estimation
Figure 4.1 shows a 3D plot of the distribution of absolute percentage
error in estimated porosity associated with various values of matrix density and
dielectric permittivity. The absolute percentage errors increase with deviation
from the true values of ρg and g. The smallest absolute percentage error in
porosity values occurs between a matrix density of 2600 kg/m3 and 2800 kg/m3
along the density axis. Therefore, the smallest error lies around the true value
used in the inversion operation. The sensitivity plot shows that the inverted
porosity by this new approach is more sensitive to the matrix density than
dielectric permittivity. Thus, to get a good estimation of porosity with this
approach, one should be careful when selecting the matrix density.
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Figure 4.1: 3D plot of the absolute percentage error in porosity as a function of
matrix density and dielectric permittivity.
4.3.2 Effects of incorrect grain density and permittivity
on water saturation estimation
Figure 4.2 shows a 3D plot of absolute percentage errors in water satura-
tion associated with various values of matrix density and dielectric permittivity.
It is clear that the absolute percentage error increases gradually with increasing
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matrix dielectric permittivity and decreasing matrix density from the true values
of ρg and g. The smallest absolute percentage error in water saturation occurs
between a matrix dielectric permittivity of 3.5 and 5 along permittivity axis.
Therefore, the smallest error lies around the true value used in the inversion
operation which is 4.5. In addition, the sensitivity plot shows that the inverted
water saturation by this new approach is more sensitive to errors in matrix di-
electric permittivity than matrix density. Thus, to get a good estimation of
water saturation with this approach, one should be careful when selecting the
matrix dielectric permittivity.
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Figure 4.2: 3D plot of absolute percentage error in water saturation of matrix
density and dielectric permittivity.
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Chapter 5
CONCLUSIONS AND
RECOMMENDATIONS
5.1 Conclusions
In this study, the development and characterization of a new GPR and
gravity joint inversion has been presented. This approach is validated to estimate
porosity and water saturation for the material inside a cavity through synthetic
data. It demonstrates the ability of the joint inversion approach to provide an
accurate value of porosity and water saturation for cavity filling materials.
I described the petrophysical models I used to link bulk dielectric permit-
tivity and bulk density with porosity and water saturation parameters. These
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factors are used in a quantitative joint inversion approach to estimate porosity
and water saturation from GPR and gravity measurements.
The GPR synthetic data is computed using a 2D split-step algorithm
which requires the solution of Maxwell’s equations in the frequency domain. This
algorithm is implemented via the MATGPR software. Additionally, the syn-
thetic gravity anomaly curves are generated using MATLAB functions through
analytical expressions for an earth model composed of a 2D horizontal slab which
represents the background rock and a spherical body that represents the cavity.
The basic cavity model used in this study consists of horizontal and
vertical dimensions of 20 m and 10 m, respectively with a horizontal interface
at depth of 5 m which separates an upper limestone bed from a lower shale
bedrock. In addition, there is a spherical cavity with 1 m radius with its center
located at 3 m in depth and 10 m horizontal distance.
The basic outcomes of this thesis are equations 2.28 and 2.29, which can
be used to determine the porosity and water saturation of cavity-filling materials
through the joint inversion of GPR and gravity data sets. This approach was
successfully applied to synthetic GPR and gravity data for various spherical
cavity materials. More specifically, five synthetic models have been tested on
this approach. The materials within cavity are composed of air, water, dry sand,
partially saturated sand or fully saturated sand.
This study also showed generally the high accuracy results for all cases.
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The error was always less than 2.51%. Moreover, for water saturation and
porosity the highest errors are 2.51% and 1.67%, respectively; whereas the lowest
errors are 0.2% and 0.7%, respectively.
In general, this thesis has contributed to the characterization of the cav-
ity phenomena, covering the detection of the porosity and water saturation of
cavity material. The proposed method is efficient in calculating the porosity
and water saturation for a spherical cavity shape. The developed methodology
provides accurate results when applied to simulated datasets. However, the re-
sult produced by the joint inversion is sensitive to incorrect matrix density and
dielectric permittivity values used in inverting porosity and water saturation
parameters for materials inside the cavity. Moreover, if this approach is applied
to real data, this might be a challenging task. If no matrix permittivity and
density data are available, this approach might result in high errors in the esti-
mated parameters. One has to be careful in collecting field data and in dealing
with the correction of microgravity anomalies due to the effects of topographic
variation and precision of the gravimeter when detecting the very small anoma-
lies associated with cavities. Thus, for real data all of these circumstances must
be constrained to obtain a good result by using this approach.
With other model, one can formulate a set of equations for the selected
model, such as irregular shape, horizontal sheet or any other shape. Conse-
quently, porosity and water saturation can be determined with the joint inver-
sion approach of GPR and gravity data sets. Further investigation in the future
may be performed to extend this approach to address an irregularly shaped
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cavity or a set of multiple cavities.
5.2 Recommendations
The proposed GPR and gravity joint inversion approach could be ex-
tended to estimate porosity and water saturation for non-spherical cavity such
as irregular shapes. Additionally, instead of CRIM, another rock-physics model
can be used such as Topp’s equation and Bruggeman-Hanai-Sen (BHS) model.
The methodology developed here is not only restricted to GPR and grav-
ity techniques but it also can be extended to include other geophysical tools such
as seismic and electrical resistivity. In addition, this approach can be used with
three or more techniques that are sensitive to the same subsurface petrophys-
ical quantities. Thus, any group of geophysical data sets that have a common
petrophysical link can be inverted using this approach.
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